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Twenty years of distributed port-Hamiltonian systems








∂tα = J e,
e := δαH,
u∂ = B∂ e,








1R. Rashad et al. “Twenty years of distributed port-Hamiltonian systems: a literature review”. In: IMA
Journal of Mathematical Control and Information (July 2020).
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State of the art and this contribution
Discretization of port-Hamiltonian systems:




Mixed finite element for hyperbolic PDEs in port-Hamiltonian form under uniform or mixed
boundary conditions.
2G. Golo et al. “Hamiltonian discretization of boundary control systems”. In: Automatica 40.5 (2004),
pp. 757–771.
3P. Kotyczka, B. Maschke, and L. Lefèvre. “Weak form of Stokes-Dirac structures and geometric
discretization of port-Hamiltonian systems”. In: Journal of Computational Physics 361 (2018), pp. 442
–476.
4R. Moulla, L. Lefevre, and B. Maschke. “Pseudo-spectral methods for the spatial symplectic reduction
of open systems of conservation laws”. In: Journal of computational Physics 231.4 (2012), pp. 1272–1292.
5V. Trenchant et al. “Finite differences on staggered grids preserving the port-Hamiltonian structure
with application to an acoustic duct”. In: Journal of Computational Physics 373 (June 2018).
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Structure preserving discretization
Infinite-dimensional pH system
PDE with boundary control:
∂α
∂t
(x, t) = J δαH.
Boundary conditions:
u∂ = B∂δαH, y∂ = C∂δαH.




u∂ · y∂ dS.
Structure-preserving discretization
Resulting ODE:
α̇d = J∇Hd + B∂u∂ ,
y∂ = B>∂ ∇Hd.
Discretized Hamiltonian:
Hd := H(α ≡ αd).
Power balance:
Ḣ = u>∂ y∂ .
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Underlying hypotheses of the method
Assumption (Partitioned structure of the pH system)


























e1 ∈ HL :=
{






u2 ∈ L2(Ω,B)| L∗u2 ∈ L2(Ω,A)
}
.
The sets A,B are Cartesian product of either scalar, vectorial or tensorial quantities.
Wave-like equations (e.g. linear elastic models) possess this structure6.
6P. Joly. “Variational Methods for Time-Dependent Wave Propagation Problems”. In: Topics in
Computational Wave Propagation: Direct and Inverse Problems. Ed. by M. Ainsworth et al. Berlin,
Heidelberg: Springer Berlin Heidelberg, 2003. Chap. 6, pp. 201–264.
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Underlying hypotheses of the method
Assumption (Abstract integration by parts formula)
Assume that there exists two boundary operators N∂,1, N∂,2 such that a general integration
by parts formula holds ∀e1 ∈ HL and ∀e2 ∈ HL
∗
〈e2, L e1〉L2(Ω,B) − 〈L
∗ e2, e1〉L2(Ω,A) = 〈N∂,1e1, N∂,2e2〉∂Ω .
where 〈·, ·〉∂Ω denotes an appropriate duality pairing.
Assumption (Uniform boundary condition)
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The partitioned finite element method
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The partitioned finite element method
This discretization procedure represents the application of mixed finite elements to
port-Hamiltonian systems:
1 The system is written in weak form;
2
3
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This discretization procedure represents the application of mixed finite elements to
port-Hamiltonian systems:
1 The system is written in weak form;
2 An integration by parts is applied to highlight the appropriate boundary control;
3 A Galerkin method is employed to obtain a finite-dimensional system. For the
approximation basis the Finite Element Method FEM (large sparse matrices) is here
employed but Spectral Methods SM (small full matrices) can be used as well.
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The discretized system
Consider the causality
u∂ = N∂,1e1, y∂ = N∂,2e2.
By integrating by parts L the appropriate causality is obtained for the discretized system.
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The discretized system
Consider the causality
u∂ = N∂,2e2, y∂ = N∂,1e1.
By integrating by parts −L∗ the appropriate causality is obtained for the discretized system.
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Discrete power balance
The power balance
Ḣd = ∂>αd,1Hd(αd)α̇d,1 + ∂
>
αd,2Hd(αd)α̇d,2
mimics the continuous one.
Causality u∂ = N∂,1e1
Ḣd = e>1 D−L∗e2 − e>2 D>−L∗e1 + e>2 B2u∂ ,
= y>∂ M∂u∂
Causality u∂ = N∂,2e2
Ḣd = −e>1 D>Le2 + e>2 DLe1 + e>1 B1u∂ ,
= y>∂ M∂u∂ .
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The linear case
Assumption (Quadratic separable Hamiltonian)
The Hamiltonian is assumed to be a positive quadratic separable functional in α1, α2
H = 12 〈α1, Q1α1〉L2(Ω,A) +
1
2 〈α2, Q2α2〉L2(Ω,B) ,
where Q1, Q2 are positive symmetric bounded operators
























whereM1 := Q−11 , M2 := Q−12 . Constitutive laws have been included in the dynamics.
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The linear discretized system
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Power balance
The power balance
Ḣd = e>1 MM1 ė1 + e>2 MM2 ė2
mimics the continuous one.
Causality u∂ = N∂,1e1
Ḣd = e>1 D−L∗e2 − e>2 D>−L∗e1 + e>2 B2u∂ ,
= y>∂ M∂u∂
Causality u∂ = N∂,2e2
Ḣd = −e>1 D>Le2 + e>2 DLe1 + e>1 B1u∂ ,
= y>∂ M∂u∂ .
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Mixed boundary conditions (linear system)














































The operator N Γ◦∂,∗ with ∗, ◦ ∈ {1, 2} represents the restriction of operator N∂,∗ over the
subset Γ◦ ⊂ ∂Ω.
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Lagrange multiplier method
A Lagrange multiplier can be introduced to include the input that does not explicitly appear
in the weak formulation, i.e. to enforce the essential boundary condition.

































A pH differential-algebraic system is obtained in this case (pHDAE).
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Power balance
The energy balance
Ḣd = e>1 MM1 ė1 + e>2 MM2 ė2
mimics the continuous counterpart.
Integration by parts of −L∗ (λ∂,1 = u∂,1)
Ḣd = −e>1 D>Le2 + e>2 DLe1 + e>1 (B1,Γ1λ∂,1 + B1,Γ2u∂,2),
= y>∂,1M∂,1u∂,1 + y>∂,2M∂,2u∂,2.
Integration by parts of L (λ∂,2 = u∂,2)
Ḣd = e>1 D>−L∗e2 − e>2 D−L∗e1 + e>2 (B2,Γ2λ∂,2 + B2,Γ1u∂,1),
= y>∂,1M∂,1u∂,1 + y>∂,2M∂,2u∂,2.
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Irrotational shallow water equations












αh the fluid height;
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Proportional control law
Consider a uniform Neumann bc
u∂ = −ev · n|∂Ω.
Conjugated output
y∂ = eh|∂Ω.
Proportional control: La Salle argument
Proportional control for stabilization around a given fluid height hdes
u∂ = −k(y∂ − ydes∂ ), ydes∂ = ρghdes, k > 0.
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Discretization strategy
The div operator is integrated by parts to highlight the appropriate the Neumann
boundary control.
FEniCS is used to generate the matrices.
Parameters







FE spaces (αh ≈ CG1) × (αv ≈ DG0) × (u∂ ≈ DG0)
tend 3 [s]
Control parameter k =
{
0, ∀t < 0.5 [s],
10−3, ∀t ≥ 0.5 [s].
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Results irrotational SWE
Control parameter k =
{
0, ∀t < 0.5 [s],
10−3, ∀t ≥ 0.5 [s].
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Results irrotational SWE
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Cantilever Kirchhoff plate







ρhe2w + D−1b (Eκ) ..Eκ
}





ew the vertical velocity;
Eκ the bending stress tensor;
Parameters:
ρ density, h plate thickness;


















(x, y) ∈ Ω = [0, 1]× [0, 1],
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Damping injection control strategy
Consider mixed Dirichlet homogeneous conditions and Neumann boundary control
∂tew|ΓD = 0,
∂xew|ΓD = 0,
ΓD = {x = 0} ,
u∂,q = q̃n|ΓN ,
u∂,m = Mnn|ΓN .
ΓN = {y = 0 ∪ x = 1 ∪ y = 1} .
where Mnn is the flexural moment and q̃n is the effective shear force.
The corresponding boundary outputs read
y∂,q = ew|ΓN ,
y∂,m = ∂new|ΓN .







6J.E. Lagnese. Boundary Stabilization of Thin Plates. Society for Industrial and Applied Mathematics,
1989.
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Discretization strategy
The div Div operator is integrated by parts twice to enforce weekly the Neumann bc.
The Firedrake library is used to generate the matrices.
The Dirichlet condition is imposed weakly through a Lagrange multiplier (strong
imposition of boundary conditions for H2 conforming elements is not trivial7).
Plate Parameters
E 70 [GPa]
ρ 2700 [kg ·m3]
ν 0.35
h/L 0.05





FE spaces (ew ≈ Argyris) × (Eκ ≈ DG3) × (λ ≈ CG2)
tend 5 [s]
Control parameter k =
{
0, ∀t < 1 [s],
10, ∀t ≥ 1 [s].
7R.C. Kirby and L. Mitchell. “Code Generation for Generally Mapped Finite Elements”. In: ACM
Trans. Math. Softw. 45.4 (Dec. 2019).
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Results cantilever Kirchoff plate
Control parameter k =
{
0, ∀t < 1 [s],
10, ∀t ≥ 1 [s].
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Results cantilever Kirchoff plate
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Open problems and Outlook
Open problem
Finite element space for the Lagrange multiplier, satisfying the inf-sup condition;
Possible developments:
Discretization: efficient finite element for the Kirchhoff plate based on div-div
conforming elements8;
Model reduction: POD methods, H2-optimal strategies or Krilov subspace methods9;
Observer based boundary control10 and reduced LQG design for distributed control11.
8L. Chen and X. Huang. “Finite elements for divdiv-conforming symmetric tensors”. In: arXiv preprint
arXiv:2005.01271 (2020).
9H. Egger et al. “On Structure-Preserving Model Reduction for Damped Wave Propagation in
Transport Networks”. In: SIAM Journal on Scientific Computing 40.1 (2018), A331–A365.
10J. Toledo et al. “Observer-based boundary control of distributed port-Hamiltonian systems”. In:
Automatica 120 (2020).
11Y. Wu et al. “Reduced Order LQG Control Design for Infinite Dimensional Port Hamiltonian
Systems”. In: IEEE Transactions on Automatic Control (2020).
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Additional informations
Jupiter Notebooks for the wave and heat equation and the Mindlin plate model are available:
A. Brugnoli et al. Supplementary material for "Numerical approximation of port-Hamiltonian
systems for hyperbolic or parabolic PDEs with boundary control".
https://doi.org/10.5281/zenodo.3938600. Dataset on Zenodo. 2020.
Flexible multibody dynamics for pHs based on the proposed discretization:
A. Brugnoli et al. “Port-Hamiltonian flexible multibody dynamics”. In: Multibody System
Dynamics (2020). https://doi.org/10.1007/s11044-020-09758-6.
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